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Abstract
We investigate how precisely we can determine the nature of dark energy such
as the equation of state (EoS) and its time dependence by using future observations
of 21 cm fluctuations at the epoch of reionization (6.8 . z . 10) such as Square
Kilometre Array (SKA) and Omniscope in combination with those from cosmic
microwave background, baryon acoustic oscillation, type Ia supernovae and direct
measurement of the Hubble constant. We consider several parametrizations for the
EoS and find that future 21 cm observations will be powerful in constraining models
of dark energy, especially when its EoS varies at high redshifts.
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1 Introduction
The origin of the present acceleration of the Universe has been one of the biggest mys-
teries in modern cosmology. To explain this acceleration, one can assume a mysterious
component called dark energy [1] or, also resort to the modification of gravity [2]. Recently
there have been attempts to describe these models using the effective field theory [3–5].
Another possible explanation such as late-time quantum backreaction from inflationary
fluctuations has also been discussed [6–9].
A lot of efforts have also been made to elucidate the nature of dark energy by using
cosmological observations. When one investigates the nature of dark energy using ob-
servational data, a phenomenological approach is often taken, in which the properties of
dark energy, particularly, its equation of state (EoS) is parametrized in a general way.
Since the EoS depends on time in most models of dark energy, its time evolution is usu-
ally accommodated when parametrizing it and constraints on such EoS parameters have
been analyzed by using actual cosmological data (see [10] for the constraint from the mea-
surement of cosmic microwave background (CMB) of Planck in combination with baryon
acoustic oscillation (BAO), type Ia supernovae (SNe) and H0 measurements for some
parametrization, and [11] for a recent analysis). Although observational constraints on
dark energy parameters are becoming more and more severe, we are still far from pinning
down the model which describes the present-day cosmic acceleration. However because
the accuracy of cosmological observations will be much improved in future, the nature of
dark energy can be probed more accurately. Therefore it would be worth investigating how
precisely we can obtain the information on dark energy parameters in future cosmological
observations#1.
As such, we in this paper focus on observations of fluctuations of 21 cm line of neutral
hydrogen. Observations of 21 cm line can probe different redshift epochs compared with
other methods. Therefore we can obtain unique information which cannot be acquired
by other observations. In addition, the next generation of the 21 cm survey, Square
Kilometre Array (SKA) [18], will be in operation in 2020s. Hence it is timely to study
expected constraints on dark energy by using 21 cm experiments. There have been several
works on dark energy using future observational data of 21 cm intensity mapping [19–22],
HI galaxy survey [23] and 21 cm fluctuations [24–26]. In this paper, we use the 21 cm
fluctuations to derive projected constraints on various dark energy models from SKA in
combination with future CMB experiments such as COrE+ [27] and future observations
of SNe, BAO and a direct measurement of Hubble constant H0, assuming several types of
dark energy parametrizations. As mentioned above, because the 21 cm observations can
probe the different epochs of the dark energy evolution compared to other observations,
it should be complementary to those of others. In addition to SKA, we also consider the
next-next generation of the 21 cm experiment such as Omniscope [28], which is expected
to give an unprecedented accuracy. By making an analysis adopting the above mentioned
#1 A lot of researches have been done in this direction, by adopting future observations of CMB, large
scale structure and so on, see [12–17] for relatively recent works along this line.
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observations, we discuss how the 21 cm observation can probe the nature of dark energy.
The organization of this paper is as follows. In the next section, we summarize how to
parametrize dark energy EoS, which is used in this paper. Then in Section 3, we present
current constraints on dark energy parameters introduced in Section 2. Then in Section 4,
we investigate expected constraints on dark energy from future observations of 21 cm line
in combination with other observations such as CMB, BAO, SNeIa and H0. The final
section is devoted to the conclusion of this paper.
2 Dark energy parametrizations
In this section, we summarize parametrizations for dark energy equations of state wX
which are used in our analysis. In most models of dark energy, its EoS depends on time.
However, the time variation of wX is highly model-dependent, and thus it is customary to
assume some parametrization for wX to take the time-dependence into account. Although
there have been proposed a lot of possible parametrizations, we adopt some representative
ones in this paper. For some other parametrizations, see, for example, Ref. [29], in which
various dark energy parametrizations are discussed. Behaviors of EoS wX(z) and the
density parameter ΩX(z) for the dark energy parametrizations adopted in this paper are
shown in Fig. 1.
• Parametrization I
One of simple ways to parametrize the time-varying wX is to assume that wX varies
linearly with the scale factor, which can be given by the following form [30,31]:
wX(z) = w0 + (1− a)w1 = w0 + z
1 + z
w1, (1)
where a and z are respectively the scale factor and redshift#2. w0 represents the EoS
at present while w0 + w1 is its value at far past. With this parametrization, the energy
density of dark energy can be given by
ρX(z) = ρX0(1 + z)
3(1+w0+w1) exp
[
− 3w1z
1 + z
]
, (2)
with ρX0 being the dark energy density at present.
• Parametrization II
In some models of dark energy, its EoS suddenly changes from some constant value
to another. This kind of changes cannot be accommodated in the above parametrization.
#2 Another parametrization in which wX changes linearly with the redshift has also been adopted in
some literature [32–34]. However, here we do not consider such a parametrization.
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The authors of [35] have introduced a parametrization which can represent this kind of
sudden change of wX(z):
wX(z) = w0w1
ap + aps
w1ap + w0a
p
s
= w0w1
1 +
(
1+z
1+zs
)p
w1 + w0
(
1+z
1+zs
)p , (3)
where as (zs) corresponds to the scale factor (redshift) at which wX changes suddenly from
w1 to w0. In the above expression, p controls the width of the transition.
The time evolution of the dark energy density in this parametrization is calculated as
ρX(z) = ρX0(1 + z)
3(1+w0)
(
w0 + w1(1 + zs)
p
w0(1 + z)p + w1(1 + zs)p
)3(w0−w1)/p
. (4)
• Parametrization III
A commonly assumed dark energy evolves in such a way that its energy density begins
to dominate only at a late epoch of the Universe, and it is subdominant at an earlier time.
However, in some models such as tracker quintessence model in which its EoS traces that
of the dominant component in the Universe (i.e., radiation or matter). Such a model is
sometimes called “early dark energy” since its energy density contributes to the total one
to some extent. To represent this kind of models, the following parametrization has been
proposed [36]:
wX(z) =
w0
[1 + b log(1 + z)]2
, (5)
where w0 corresponds to the present-day equation of state. To avoid too large value (or
divergence) of wX at earlier times, b should be positive. Then, when 1 + z is large, wX
approaches to 0, which is the same as that of matter. Therefore, this kind of dark energy
can give some contribution at earlier times (in matter-dominated epoch). The energy
density of dark energy of this parametrization can be written as
ρX(z) = ρX0(1 + z)
3(1+αX(z)), (6)
where
αX(z) =
w0
1 + b log(1 + z)
. (7)
3 Current constraints
Before investigating the future expected constraints on dark energy parameters, here we
study constraints from current observations such as Planck, BAO, SNeIa, H0 and weak
lensing for each parametrization. Although similar analyses have been done in the litera-
ture for some parametrizations, we update those constraints, and by doing those analyses,
3
Figure 1: Time evolutions of EoS w(z) (upper panel) and the density parameter ΩX(z)
(lower panel) for the dark energy parametrizations considered in this paper. The labels I,
II and III indicate the parameterization I, II and III, respectively. For the values of the
parameters in each parametrization, we assumed the same ones as in Table. 2 .
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we can choose fiducial values for the EoS parameters consistent with current observational
data in the next section.
We have performed Markov Chain Monte Carlo (MCMC) analyses by using a modified
version of CosmoMC [37], in which we have accommodated the dark energy parametriza-
tions introduced in Section 2. For the sound speed c2s which needs to be specified when
solving the perturbation equations, we fixed it as c2s = 1 in the analysis of this section.
In addition to the dark energy parameters, we have also varied the standard cosmologi-
cal parameters: baryon density Ωbh
2, dark matter density ΩDMh
2, the amplitude and the
spectral index of the scalar mode primordial power spectrum As and ns, the reionization
optical depth τ and the acoustic peak scale θs. Here h is the normalized Hubble parameter
defined as H0 = 100h km/sec/Mpc.
In deriving constraints from current data, we adopt two different data sets. The
first one is “Planck+BAO+lensing” which includes the power spectra of the CMB tem-
perature and polarization anisotropies (TT+TE+EE at ` ≥ 30 and TT+TE+EE+BB
at ` ≤ 29) from Planck [38], BAO scales in galaxy power spectrum [39–41] and the
Planck CMB lens power spectrum [42]. The other data set we adopt in this analysis is
“Planck+BAO+lensing+H0+SN+WL” in which data from measurements of Hubble con-
stant H0 = 70.6± 3.3 km/s/Mpc [43], the JLA compilation of type Ia supernovae [44] and
the CHFTLenS cosmic shear power spectrum [45] are added to “Planck+BAO+lensing.”
In Figs. 2, 3 and 4, we present the constraints for the parametrizations I, II and III,
respectively. For the parametrization I, we have assumed the prior for the EoS parameters
w0 and w1 as −3 ≤ w0 ≤ 1 and −3 ≤ w1 ≤ 3, respectively. The constraint on this
parametrization has been investigated in [10], using almost the same (but slightly different)
data sets. Our result is consistent with the one obtained in [10]. For the parametrization II,
we have fixed as and p and show the constraints on the w0–w1 plane. In Fig. 3, we present
our results for the cases with (as, p) = (0.5, 1) (left panel) and (as, p) = (0.5, 100) (right
panel). The prior for w0 and w1 are assumed as −3 ≤ w0 ≤ 1 and −3 ≤ w1 ≤ 3, as
in the case for the parametrization I. The constraints on this parametrization has been
studied by using Planck and BAO in [46]. For the parametrization III, we have only two
parameters for EoS, w0 and b. Therefore we show the constraint on the w0–b plane for
this parametrization. As stated in the previous section, this parametrization captures the
property of the so-called early dark energy models. In [10], the early dark energy model
been studied, but with a different parametrization from the one adopted here. Yet another
parametrization of early dark energy has also been discussed in [47] by using Planck 2013
data.
Having obtained the current constraints on the parameters for EoS, we choose fiducial
values of the EoS parameters, which are allowed within at 2σ level, in order to perform
the Fisher matrix analysis in the next section.
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Figure 2: Current constraint on the parametrization I in the w0–w1
plane. We show the constraints from Planck+BAO+lensing (red region) and
Planck+BAO+lensing+H0+SNe+WL (blue region). The dark and the light colors
correspond to 1σ and 2σ allowed regions, respectively.
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Figure 3: The same as Fig. 2, but for the parametrization II in the w0–w1 plane. We show
the cases of p = 1 at the left panel, and p = 100 at the right panel, respectively. We chose
as = 0.5 commonly in the both panels.
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Figure 4: The same as Fig. 2, but for the parametrization III in the w0–b plane.
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4 Future expected constraints
Now in this section, we present the expected constraints from future 21 cm experiments
such as SKA and Omniscope in combination with future CMB observations such as
COrE+. For comparison, we also show the results with the specification of Planck. In
addition, we combine future observations of SNe, BAO and direct Hubble constant mea-
surement to obtain the expected constraints. For this purpose, we adopt the Fisher matrix
analysis. The specifications of observations assumed in this paper are summarized in Ap-
pendix A. Since the method of the Fisher analysis for the 21cm fluctuations and CMB
adopted in this paper is the same as the one in our previous paper [48], here we just
briefly summarize them. For the details, we refer the readers to [48, 49]. We also briefly
describe our methods for the analysis of future observations of SNe, BAO and the direct
Hubble constant measurement. After summarizing our methods for the Fisher analysis,
we present our results on the expected constraints on dark energy parameters for each
parametrization in order.
In our Fisher analysis, the fiducial values of the cosmological parameters are set to the
mean values from the analysis of Planck TT,TE,EE+lowP+lensing+H0+SNe+BAO [69]:
Ωbh
2 = 0.0223,Ωmh
2 = 0.1417,ΩX = 0.6911, τ = 0.066, As10
10 = 21.42 and ns = 0.9667,
and Yp = 0.25, where Yp is the primordial
4He mass fraction. In our analysis, the total
mass of neutrinos is fixed as Σmν = 0.06 eV, and we assume that the hierarchy of the
masses is normal ordering. For the EoS parameters, we choose multiple sets for each
parametrization.
4.1 21cm
The Fisher matrix for 21 cm fluctuations is given by
F
(21cm)
ij =
∑
pixels
1
(δP21(u))
2
∂P21(u)
∂pi
∂P21(u)
∂pj
, (8)
where P21(u) and δP21(u) are the 21 cm power spectrum and its error in u space, respec-
tively, and pi(pj) represents cosmological parameters. Here u is the Fourier dual of
Θ = θxeˆx + θyeˆy + ∆f eˆz = Θ⊥ + ∆f eˆz, (9)
where Θ⊥ is the measured angular position on the sky and ∆f represents the frequency
which is given by the difference from the central redshift of a given bin. By adopting the
flat-sky approximation, u can be related to k which is the Fourier dual to the position
vector r as [48,49]
u⊥ = dA(z)k⊥, u‖ = y(z)k‖, (10)
where dA(z) is the angular diameter distance to the redshift z and y(z) = λ21(1+z)
2/H(z)
with λ21 being the wavelength of 21 cm line. A vector with the subscript ⊥ (‖) denotes
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the component perpendicular (parallel) to the line of sight. From the above formulas, the
power spectra in u-space and k-space are related as
P21(u) =
1
dA(z)2y(z)
P21(k). (11)
The power spectrum P21(k) is defined by
〈δTb(k)δT ∗b (k′)〉 = (2pi)3δ(3)(k − k′)P21(k), (12)
where δTb(k) is fluctuations of the differential brightness temperature of the 21 cm line
(Tb) relative to that of CMB (Tcmb). Tb in the position space is given by
Tb(x) = T¯b (1− x¯i(1 + δx(x))) (1 + δ(x))
(
1− 1
aH
dvr
dr
)
, (13)
where barred quantities represent their averaged ones, and here we have assumed Ts 
Tcmb with Ts the spin temperature since we consider the reionization era in this paper. T¯b
is the average brightness temperature, which can be written as
T¯b ' 27x¯H
(
1− Yp
1− 0.25
)(
Ωbh
2
0.022
)(
0.14
Ωmh2
1 + z
10
)1/2
mK, (14)
where xH is the neutral hydrogen fraction. δx and δ are fluctuations of the ionization
fraction xi = 1− xH and the hydrogen number density nH , respectively. (1/aH)(dvr/dr)
represents the peculiar velocity and can be treated as a perturbation, which we define
to be δv(x) ≡ (1/aH)(dvr/dr). The Fourier transform of δv(x) is related to δ(k) as
δv(k) = −µ2δ(k) with µ = kˆ · nˆ being the cosine of the angle of k relative to the line of
sight. Since the fluctuations of Tb is given by δTb(x) = Tb(x)− T¯b, the power spectrum in
the k-space can be written as
P21(k) = [Pδδ(k)− 2Pxδ(k) + Pxx(k)] + µ2 [2Pδδ(k)− 2Pxδ(k)] + µ4Pδδ(k), (15)
where k = |k|, Pδδ = T¯ 2b Pδδ,Pxδ = T¯ 2b (x¯i/x¯H)Pxδ and Pxx = T¯ 2b (x¯2i /x¯2H)Pxx with Pδδ, Pxδ
and Pxx being the power spectra for δ and δx defined as the same as that for P21 given
in Eq. (12). Here Pδδ represents the matter fluctuations which carries the information of
cosmology, and hence can probe the nature of dark energy. Pxδ and Pxx are the power
spectra involving δx. After the reionization has started, these power spectra can signifi-
cantly affect the total 21 cm power spectrum, and they are determined by the physics of
reionization. For these power spectra, here we assume the following forms which can be
well fitted by a result from radiative transfer simulations of [50,51]:
Pxx(k) = b2xx
[
1 + αxx(kRxx) + (kRxx)
2]−γxx/2Pδδ(k), (16)
Pxδ(k) = b2xδe−αxδ(kRxδ)−(kRxδ)
2Pδδ(k). (17)
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The amplitudes and the shapes of the spectra are described by the parameters bxx, bxδ, αxx, γxx
and αxδ, and Rxx, Rxδ are the parameters characterizing the effective size of the ionized
bubbles. In our Fisher analysis, we also vary these ionization parameters, but marginalize
over them to obtain expected constraints on dark energy parameters. For the fiducial val-
ues, we assume the same ones which are given in Table III of [49] (or Table 1 of [48]). In
our analysis, we divide the redshift bins into four: z = 6.75− 7.25, 7.25− 7.75, 7.75− 8.25
and 8.25− 10.05.
The error power spectrum δP21(u) is given by
δP21(u) =
P21(u) + PN(u⊥)
N
1/2
c
, (18)
where PN(u⊥) is the noise power spectrum, and the first term in the RHS represents the
sample variance. The quantities to describe PN are summarized in Table 1. In order
to avoid the foreground contamination, we do not use the wavelength less than kmin‖ =
2pi/(yB)#3, where B is the band width. We also cut the wavelength larger than kmax =
2 Mpc−1 not to be affected by non-linear effect.
Noise power spectrum: PN(u⊥) =
(
λ2(z)Tsys(z)
Ae(z)
)2
1
t0n(u⊥)
System temperature: Tsys = Tsky + Trcvr
Sky temperature: Tsky = 60 (λ/[m])
2.55
Receiver noise: Trcvr = 0.1Tsky + 40[K]
Number of independent cells: Nc = 2pik⊥∆k⊥∆k‖V (z)/(2pi)3
Survey volume: V (z) = dA(z)
2y(z)B × FoV
Effective collecting area: Ae
Observation time: t0
Number density of the baseline: n(u⊥)
Field of view: FoV
Table 1: Quantities to describe the error power spectrum PN .
The methodology described above is basically the same as the one adopted in [48].
Since the publication of [48] however, the specification of SKA has been changed. Hence
we adopt the new specification and summarize it in Table A.3 in Appendix A.
#3 Although we simply remove the modes with this criterion, the foreground could leak to the so-called
“foreground wedge,” which can be a serious problem in deriving the constraints [52–61]. To estimate the
impact of the foreground wedge on our results, we have also made the analysis by removing the modes
with µ < µmin = k‖/
√
k2⊥ + k
2
‖ [62], where µmin can be ∼ 0.95 at z ∼ 8. For such a value of µmin, we
found that the error can become larger by a bit less than a factor of 2 in some particular cases. However,
we note that even in such a case, the constraints can be improved by adding the information of 21cm.
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We also note here that, in the following analysis, we focus on the 21 cm signals of
redshift ranges 6.8 < z < 10, which corresponds to the era of reionization, and investigate
how such high redshift information can be useful to probe the nature of dark energy.
Although 21 cm signals at low redshifts after reionization would also be very helpful
[63–65], in this paper we focus on the 21 cm signals only at high redshifts.
Number density of the baseline: To set the number density of the baseline n(u⊥),
we assume an azimuthally symmetric distribution for the antenna stations and adopt the
following density profile which is consistent with the specification of the originally planned
SKA1 [48]:
ρ(r) =

ρ0r
−1, ρ0 ≡ 1316pi(√10−1) m
−2 r ≤ 400 m,
ρ1r
−3/2, ρ1 ≡ ρ0 × 4001/2, 400 m < r ≤ 1000 m,
ρ2r
−7/2, ρ2 ≡ ρ1 × 10002, 1000 m < r ≤ 1500 m,
ρ3r
−9/2, ρ3 ≡ ρ2 × 1500, 1500 m < r ≤ 2000 m,
ρ4r
−17/2, ρ4 ≡ ρ3 × 20004, 2000 m < r ≤ 3000 m,
(19)
where r is a radius from the center of the array. 95% of the stations are assumed to be in
the region with r < 3000 m.
Although the original plan of SKA1 has assumed 911 antenna stations, in our analysis,
we take the number of stations consistent with the re-baseline design of SKA in which
Nant = 911/2 for SKA1 and Nant = 911× 4 for SKA2 as shown in Table A.3. Therefore
the number density of the baseline n(u⊥) can be evaluated as
nSKA1(u⊥) = norigSKA1(u⊥)×
(
1
2
)2
, (20)
nSKA2(u⊥) = norigSKA1(u⊥)× 42, (21)
where norigSKA1(u⊥) is the number density of the baseline for the original design of SKA1
which is evaluated by its density profile of Eq. (19). nSKA1(u⊥) and nSKA2(u⊥) are the ones
for SKA1 and SKA2, respectively. For Omniscope, we assume the same one as Ref. [49].
4.2 CMB
The Fisher matrix of CMB is written as
F
(CMB)
ij =
∑
l
(
2l + 1
2
)
fskyTr
[
C−1l
∂Cl
∂pi
C−1l
∂Cl
∂pj
]
, (22)
where pi(pj) represents cosmological parameters, and Cl is the covariance matrix of CMB
which is given by
Cl =
CTTl +NTl CTEl CTdlCTEl CEEl +NPl 0
CTdl 0 C
dd
l +N
d
l
 , (23)
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where CXl is the angular power spectrum for unlensed CMB (X = TT, TE,EE), weak
lensing deflection angle field (X = dd) and cross correlation between TT and d (X = Td).
NYl is the noise power spectrum which is given by
NYl (ν) = ∆
2
Y exp
[
l(l + 1)σ2b (ν)
]
, (24)
where ∆Y is the experimental noise, and σb = θFWHM/
√
8 ln 2 represents the beam width.
When the multiple frequency channels are used, the total noise power spectrum can be
provided by (
NYl
)−1
=
∑
νi
1
NYl (νi)
. (25)
For the noise power spectrum for weak lensing deflection angle Ndl , we use FUTURCMB
code [66] which adopts the quadratic estimator for lensing reconstruction [67]. fsky is the
fraction of the sky measured and we assume fsky = 0.65.
For the specifications of CMB, we assume COrE+ and Planck. Although the speci-
fication of COrE+ can be found in [68], it is considered to be the one at the planning
stage. Therefore, we use the values from Ref. [27], which is the original specification of
COrE. Although the specification adopted in this work is a little bit different from the
one assumed in [48], it does not change our results at all. We tabulate its specification in
Table A.4. For Planck, we assume the same specification as that in [48].
4.3 BAO, SNe and Hubble constant
Here we describe our method of the analysis to obtain joint constraints from CMB, 21cm
fluctuations, BAO, SNe and direct measurements of the Hubble constantH0. As mentioned
above, the methods to analyze CMB and 21 cm fluctuations are the same as the one
adopted in [48]. However, future observations of BAO, SNe and H0 were not included
in [48], and therefore, before showing our results on future constraints, we summarize
formalisms of our analysis for BAO, SNe and H0 (for reference, see also Refs. [70–72]).
4.3.1 BAO
Observations of BAO can probe the comoving angular diameter distance dA(z) and the
Hubble parameter H(z), which depend on underlying cosmological models. Therefore they
are also affected by the EoS of dark energy. For our analysis, ln(dA(z)) and ln(H(z)) are
treated as observables and the Fisher matrix for BAO is given by
F
(BAO)
α,β = F
(BAO),d
α,β + F
(BAO),H
α,β
=
∑
i
1
σ2d(zi)
∂ ln(dA(zi))
∂θα
∂ ln(dA(zi))
∂θβ
+
∑
i
1
σ2H(zi)
∂ ln(H(zi))
∂θα
∂ ln(H(zi))
∂θβ
,(26)
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where the sum should be performed for the redshift bins whose width, and its central value
for the i-th bin are denoted as ∆zi and zi, respectively
#4. σd(zi) and σH(zi) are errors
of ln(dA(zi)) and ln(H(zi)) at each redshift bin. θα (and θβ) represents the cosmological
parameters which are relevant to observations of BAO: Ωmh
2, ΩX
#5 and the dark energy
EoS parameters. The component Fα,β which are irrelevant to the BAO observables are set
to be zero.
In the following analysis, for a future BAO observation, we adopt the specification of
Dark Energy Spectroscopic Instrument (DESI) [74, 75]. We assume the redshift range,
bins and expected errors for ln(dA(zi)) and ln(H(zi)) as the same as those given in Table
5 of [74].
4.3.2 Direct measurement of H0
In future, direct measurement of the Hubble constant H0 will be more precise to reach the
level of 1 % [76–78]. Here we assume that we can determine the Hubble constant at a 1 %
accuracy in our analysis, which is expressed in the Fisher matrix to be [79]
F
(H0)
α,β =
1
(0.01× hfid)2 δα,hδβ,h. (27)
The Kronecker delta symbols indicate that the Fisher matrix component of (h, h) is the
only nonzero entity in the Fisher matrix.
However, in fact, in our analysis, we do not adopt h as a primary parameter, but it is
derived from other cosmological parameters. Hence we need to convert the Fisher matrix
Eq. (27) to that for our primary cosmological parameters. Among the primary parameters
adopted in our analysis, Ωmh
2 and ΩX are relevant to h, and therefore, we transform the
Fisher matrix with (α, β) = (h,ΩX) to the one with (α, β) = (Ωmh
2,ΩX) by using the
following transformation [80]:
F˜l,m =
∂θj
∂θ˜l
∂θk
∂θ˜m
Fjk, (28)
from which we obtain
F˜
(H0)
α,β =
(
F˜Ωmh2,Ωmh2 F˜Ωmh2,ΩX
F˜Ωmh2,ΩX F˜ΩX ,ΩX
)
=
1
(0.01× hfid)2
(
1
2Ωmh2
)2(
h2 h4
h4 h6
)
. (29)
We use this Fisher matrix to incorporate a future observation of direct measurement of
the Hubble constant in the following analysis.
#4 In general, measurements of dA and H from BAO are correlated, and it should give rise to off-
diagonal components in the covariant matrix that are omitted in Eq. (26). According to an analytical
estimation [73], the correlation coefficients can be as large as 0.4. However, we find that the impact of the
off-diagonal components at this level on the constraints of cosmological parameters are fairly small (only
about 4-5%) in our results.
#5 We can also take h and ΩX as the primary parameters for the analysis when we assume a flat
Universe. However, in our analysis, we treat Ωmh
2 and ΩX as the primary parameters.
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4.3.3 Supernovae
Here we describe our method of the Fisher matrix analysis for SNe. For details, we refer
the readers to [80,81]. Observations of SNe probe the apparent magnitude m for each SNe
which is related to the absolute magnitude M by the following relation:
m = M + µ(z), (30)
where µ(z) is the distance modulus and is related to the luminosity distance dL(z) as
follows:
µ(z) = 5 log10
(
dL(z)
Mpc
)
+ 25. (31)
In a flat Universe, the luminosity distance is given by
dL(z) = (1 + z)
∫ z
0
dz¯
H(z¯)
. (32)
Since the mean apparent magnitudes m of each bin are the observable, the Fisher matrix
for SNe is written as
F
(SN)
α,β =
∑
i
1
σ2tot,i
∂m(z¯i)
∂θα
∂m(z¯i)
∂θβ
, (33)
σtot,i =
√
σ2stat,i + σ
2
sys,i, (34)
where z¯i is the mean redshift for the i-th bin and σtot,i, σstat,i and σsys,i are the total, sta-
tistical and systematic uncertainties for apparent magnitude, respectively. The statistical
error σstat,i in a redshift bin consists of several components and is then
σstat,i =
1
Ni
√
σ2m,i + σ
2
D + σ
2
lens,i, (35)
where Ni is the number of SNe for the i-th bin, σm,i is the photometric measurement error
per supernova, σD is the intrinsic dispersion in luminosities of SNe, and σlens,i is the con-
tribution of gravitational lensing magnifications. Here, we assume Gaussian uncertainties,
and thus we add in quadrature these errors in the Fisher matrix above.
In our analysis, we use the specification of WFIRST-AFTA in Ref. [82], which is listed
in Table A.6. For all bins including a near sample, we assume the common values for the
measurement and intrinsic errors as σm,i = 0.08 and σD = 0.09. For the contribution of
gravitational lensing σlens,i, it is modeled as σlens,i = 0.07 × z¯i. Furthermore, we assume
the systematic error per bin is given by σsys,i = 0.01× (1 + z¯i)/1.8.
In observations of SNe, the absolute magnitude M is treated as a nuisance parameter
and marginalized away to reduce the Fisher matrix for the cosmological parameter set.
This procedure means that the Hubble constant h cannot be determined from SNe, and it
would be redundant to take Ωmh
2 as a primary parameter. In our analysis therefore, we
remove Ωmh
2 from a primary parameter but only ΩX , and the dark energy EoS parameters
are treated as primary ones for the Fisher matrix of SNe.
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4.4 Future constraints on dark energy parameters
4.4.1 Parametrization I
Since there are only two parameters for the EoS in this parametrization, i.e., w0 and w1,
we show expected constraints on the w0–w1 plane. In Fig. 5, we show parameter regions
allowed at 95 % C.L. where we used CMB, BAO, SNe and H0 with SKA1, SKA2 and
Omniscope. For CMB, we performed the analysis by adopting the specifications of Planck
and COrE+. The fiducial values for the EoS parameters are assumed to be w0 = −0.9
and w1 = 0.2 in Fig. 5, and (w0, w1) = (−0.9, 0.05), (−0.95, 0.2), (−1.1,−0.2) in Fig. 6,
respectively. We also need to specify the effective sound speed of dark energy c2s to follow
the evolution of the linear perturbations#6, which are taken to be c2s = 1 or c
2
s = 0 in
Fig. 5. By comparing the constraints for the cases with c2s = 1 and 0, one finds that
they are almost the same regardless of the value of c2s, which indicates that the effects
of varying c2s is very weak, and its assumption scarcely affects the constraints. This also
indicates that the nature of dark energy perturbation cannot be well probed by CMB nor
21 cm fluctuations, at least for dark energy models with this parametrization, and the
constraints mainly comes from its effects on the background evolution.
In Fig. 6, expected constraints are shown for the fiducial values of (w0, w1) = (−0.9, 0.05)
(top), (−0.95, 0.2) (middle) and (−1.1,−0.2) (bottom) with the sound speed being fixed
to be c2s = 1. As seen from Figs. 5 and 6, when we add information from the 21 cm
fluctuations, the constraints in this parametrization cannot be so drastically improved for
SKA1 and SKA2, but can be done significantly for Omniscope. We should stress that the
tendency depends on the parametrization as we discuss in the following sections. How-
ever, for the parametrization I, although the 21 cm observations look at different redshift
range from CMB and other observations, and can probe multiple redshift slices, we need a
better specification at the level of Omniscope to obtain a severe constraint on dark energy
parameters.
4.4.2 Parametrization II
This parametrization includes four parameters to describe the EoS: w0, w1, as and p. To
present our results, we show the constraints on 2D planes fixing or marginalizing other
parameters. First we show the expected constraints on the w0–w1 plane in the cases of
p = 100 in Fig. 7, and p = 1 in Fig. 8. In each figure, we take several values for as to be
as = 0.5, 0.25, 0.1 and assume the fiducial values as w0 = −0.9 and w1 = −0.8. As seen
from Figs. 7 and 8, the constraints significantly improve when we add information from
the 21 cm fluctuations, depending on the values of as and p.
First let us discuss the case of p = 100. When p is so large, the EoS abruptly changes
at the corresponding scale factor as (or the redshift zs). In the case of as = 0.1 (or
#6 The anisotropic stress can also be non-zero if one considers a very general class of dark energy
models [83]. However, its effects are not significant either. Hence here we ignore the anisotropic stress of
dark energy.
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Figure 5: Expected constraints at 95 % C.L. for the parametrization I. We assume w0 =
−0.9 and w1 = 0.2 for the fiducial values. Constraints from Planck + BAO + SNe +
H0 with SKA or Omniscope (left panel) and COrE+ + BAO + SNe + H0 with SKA or
Omniscope (right panel) are shown. The sound speed is taken to be c2s = 1 (top panels)
and 0 (bottom panels), respectively.
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Figure 6: Expected constraints at 95 % C.L. for the parametrization I for the fiducial
values of (w0, w1) = (−0.9, 0.05) (top), (−0.95, 0.2) (middle) and (−1.1,−0.2) (bottom).
In this figure, we fix the sound speed to be c2s = 1.
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zs = 9) shown in the bottom panel of Fig. 7, the EoS is almost unchanged after z = 9.
Since BAO and SNe only probe low redshift (z . 2), they are sensitive to the EoS at
low redshift. That is why w1 cannot be determined for the case with the fiducial value of
as = 0.1 with CMB+BAO+SNe+H0. It should be noted here that CMB is not so powerful
to constrain the EoS compared to BAO and SNe since integrated quantities such as the
angular diameter distance to last scattering surface are the main probes. However CMB
is very important to determine the other cosmological parameters which can break some
degeneracies among the parameters including the dark energy EoS. Also, for the case with
as = 0.25 (or zs = 3), the data set of CMB+BAO+SNe+H0 cannot well determine w1.
In these cases however, when we add information of 21 cm fluctuations which probes the
redshift 6.8 ≤ z ≤ 10, w1 can be severely constrained. This shows the power of the 21 cm
observations to investigate dark energy. In the case of as = 0.5, the EoS changes from w1
to w0 at zs ∼ 1. Therefore, by the observations of BAO and SNe, we can constrain both
of w0 and w1. However even in this case, when we include SKA2, the constraint on w1
slightly improves. When Omniscope is included, the constraint becomes more severe.
Next let us consider the case of p = 1, which is shown in Fig. 8. Then, the EoS changes
slowly from w1 to w0. Hence even when the transition redshift is higher than z = 2, w1 can
be constrained severely by low-redshift observations like BAO and SNe. A slow change
of the EoS also indicates that both of w0 and w1 can be well probed at higher redshift,
irrespective of the transition redshift zs. Therefore, the 21 cm observations always improve
the constraints in every case for p = 1 as shown in Fig. 8.
Now we discuss the constraints on the w0–as plane in the cases of p = 100 and p = 1 in
Figs. 9 and 10, respectively. For the case of p = 100, the 21 cm observations significantly
improve the constraints when the transition redshift is high such as as = 0.1 and 0.25 as
those in the w0–w1 plane. For the case of p = 1, the tendency is also the same as those in
the w0–w1 plane discussed above.
Regarding the parametrization II, the observations of 21 cm fluctuations significantly
improve the constraints when the transition redshift is high or the EoS changes slowly.
4.4.3 Parametrization III
This parametrization includes only two parameters, w0 and b. Hence we show constraints
expected from future 21cm and other observations in the w0–b plane in Figs. 11 and 12. For
the fiducial values, we have assumed w0 = −0.9 and b = 0.05 in Fig. 11, and w0 = −0.98
and b = 0.1 in Fig. 12, which are inside the allowed region of the current constraint
presented in the previous section. The effective sound speed is taken to be c2s = 1 or 0.
As discussed in Section 2, this parametrization is suitable to describe the so-called
early dark energy model, in which the effects of the dark energy perturbation can be
more significant than those in other parametrizations. However, as one can see from the
figure, the constraints for c2s = 1 and 0 are almost the same, which indicates that the
information on the background evolution mostly determines the constraints. Similarly
to the parametrization I, the inclusion of the 21 cm fluctuations do not much improve
19
Figure 7: Expected constraints at 95 % C.L. on the w0–w1 plane for the parametrization II.
The fiducial values are taken to be w0 = −0.9 and w1 = −0.8. Other EoS parameters are
assumed as as = 0.5 (top panels), 0.25 (middle panels), 0.1 (bottom panels) and p = 100.
All parameters except w0 and w1 are marginalized over. In the left and right panels,
Planck and COrE+ are assumed for CMB, respectively.
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Figure 8: The same as Fig. 7 but for p = 1.
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Figure 9: Expected constraints at 95 % C.L. on the w0–as plane for the parametrization II.
For the fiducial values, we assume (w0, w1) = (−0.9,−0.8) and as = 0.5 (top panels), 0.25
(middle panels), 0.1 (bottom panels) and p = 100. All parameters except w0 and as are
marginalized over. In deriving these constraints, w1 is marginalized over.
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Figure 10: The same as Fig. 9 but for p = 1.
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Model CMB+BAO+SNe+H0 + SKA1 + SKA2 + Omniscope
Parametrization I w0 2.76× 10−2 2.70× 10−2 2.32× 10−2 1.52× 10−2
w1 7.34× 10−2 7.17× 10−2 5.97× 10−2 3.00× 10−2
Parametrization II w0 1.11× 10−2 1.05× 10−2 8.93× 10−3 7.90× 10−3
(p, as) = (100, 0.1) w1 1.07 3.99× 10−1 1.22× 10−1 1.84× 10−2
Parametrization II w0 1.29× 10−2 1.25× 10−2 1.10× 10−2 8.85× 10−3
(p, as) = (100, 0.25) w1 8.67× 10−1 3.96× 10−1 1.36× 10−1 1.99× 10−2
Parametrization III w0 2.49× 10−2 2.43× 10−2 2.05× 10−2 1.37× 10−2
b 2.80× 10−2 2.72× 10−2 2.20× 10−2 1.04× 10−2
Table 2: Summary of the expected 1σ errors. For CMB, we adopt the specification
of COrE+. The fiducial values for the EoS parameters are assumed to be (w0, w1) =
(−0.9, 0.2) for Parametrization I, (w0, w1) = (−0.9,−0.8) for Parametrization II, (w0, b) =
(−0.9, 0.05) for Parametrization III, and the effective sound speed is fixed as c2s = 1.
the constraints at the level of SKA. However, when Omniscope is taken into account, the
constraints become more severe, which shows potential of the 21cm fluctuations as a probe
of dark energy.
5 Conclusion and discussion
We have investigated expected constraints on dark energy, especially, the parameters which
describe the EoS for several dark energy parametrizations using future observations of 21
cm line in combination with CMB, BAO, SNe and H0. Since the 21 cm line observations
can probe different redshift ranges from CMB, BAO and SNe, they can give more informa-
tion combined with those other observations. We have assumed the specifications of SKA
phase 1, SKA phase 2 and Omniscope for the future 21 cm observations. We have analyzed
the three parametrizations for the dark energy equation of state: the parametrization I,
II and III. Parametrization I given in Eq. (1) is most commonly used one when the time
dependence of the EoS is investigated. Parametrization II (Eq. (3)) can represent the dark
energy models which predict a sudden change in the EoS at some redshift. Parametrization
III (Eq. (5)) corresponds to the so-called early dark energy model where its EoS gets close
to zero as the redshift increases. This feature allows the fraction of the energy density of
dark energy can be sizable even at higher redshift.
By assuming these parametrizations, we have studied expected constraints on the pa-
rameters in the EoS with and without the future 21 cm observations to see their power to
probe the properties of dark energy. We performed the Fisher matrix analysis and have
investigated to what extent the future 21 cm observations can improve the constraints
on the EoS parameters. We found that a degree of the improvement depends on the
parametrization and the fiducial values of the EoS. Table 2 summarizes the expected 1σ
bound on the EoS parameters for each parametrizations.
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Figure 11: Expected constraints at 95 % C.L. on the w0–b plane for the parametrization III.
The fiducial values are assumed as w0 = −0.9 and b = 0.05. The effective sound speed is
fixed to be c2s = 1 (top panels) and c
2
s = 0 (bottom panels).
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Figure 12: Expected constraints at 95 % C.L. on the w0–b plane for the parametrization
III for the fiducial values of (w0, b) = (−0.98, b = 0.1). In this figure, the effective sound
speed is fixed to be c2s = 1.
For the parametrization I, the inclusion of SKA (even phase 2) does not improve much
the constraints. However when Omniscope is combined with CMB+BAO+SNe+H0, the
constraints should be significantly improved as clearly shown in Fig. 6.
For the parametrization II, the observations of SKA can significantly improve the con-
straints on the EoS parameters, depending on the fiducial values. In the parametrization
II, the EoS is allowed to change at some redshift from w1 (the EoS at earlier time) to
w0 (the EoS at later time), which introduces the extra two parameters to describe its
evolution: the width and redshift of the transition. When the width of the transition is
very narrow, and the transition redshift is high, the observations of BAO and SNe can-
not probe the EoS in the earlier time, i.e., w1. However, the 21 cm observations can
probe higher redshift. Therefore the inclusion of the observations of 21 cm fluctuations
can significantly improve the constraints, in particular that for w1. However, when the
transition redshift is low so that BAO and SNe can probe its change, the constraints from
CMB+BAO+SNe+H0 are already severe enough. Hence not so much improvement can
be made by the 21 cm observations in such a case. These are illustrated in Fig. 7. When
the width of the transition is broad, the EoS evolves only gradually, which enables us to
probe the EoS in various redshifts. This means that BAO and SNe can always be sensitive
to both w0 and w1. Therefore they can be constrained, regardless of the transition redshift
without the 21 cm observations. However, as shown in Fig. 8, the constraints can be much
improved when the observation of 21 cm is included. We can also see these tendencies by
looking at the constraints on the w0–as plane as shown in Figs. 9 and 10. In constraining
dark energy which can be characterized by the parametrization II, the observations of 21
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cm fluctuations are very powerful.
For the parametrization III, the tendency is similar to that for the parametrization I.
In this parametrization, the 21 cm observations at the level of SKA is not so powerful to
improve the constraints. However, when we consider Omniscope-type observations, the
determination of the EoS would be much improved, which shows the potential of the 21
cm fluctuations as a probe of this kind of dark energy.
The power of the 21cm line observations may depend on the actual properties of dark
energy (i.e., the fiducial value of the EoS parameters and the function form for the time
dependence of EoS). Concretely the 21 cm line observations are powerful especially when
the EoS of dark energy varies at relatively high redshifts, which are difficult to be probed
by other observations. The known key probes such as galaxy-galaxy lensing and redshift-
space distortions are definitely important in order to constrain dark energy [74]. Here we
would like to stress that the 21cm line observations can be complementary to those probes
because the ranges of the observed redshift are much higher. In near future, the so-called
next generation of the 21 cm observations such as SKA will become available. Therefore,
investigating dark energy with 21 cm is very timely and should be pursued further.
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A Specifications of observations
Nant Ae (z = 8) Lmin Lmax FoV (z = 8) Obs. time t0 z
[m2] [m] [km] [deg2] [hour]
SKA phase 1 911/2 443 35 6 13.12 × 4 1000 6.8 – 10
SKA phase 2 911× 4 443 35 6 13.12 × 4 1000 6.8 – 10
Omniscope 106 1 1 1 2.063 ×104 1000 6.8 – 10
Table A.3: Specifications of 21 cm observations for SKA [18] and Omniscope [28]. Note
that the effective collecting area Ae and the field of view FoV are proportional to λ
2, where
λ is the observed wave length. However, for Omniscope, we assume that Ae and FoV are
fixed. For SKA phase 1 and phase 2, multiple fields are assumed to be observed, and set
the number of fields Nfield to be 4 in our analyses. Then, the effective field of view of SKA
phase 1 and phase 2 is FoVSKA = 13.12×Nfield [deg2]. It should be noted that, although
we have assumed the number of fields to be 4, our results are almost unchanged even if we
change Nfield for a fixed total observation time. (We have checked this by calculating the
expected constraint for different numbers of fields Nfield and observation time t0 with the
total observation time being fixed (i.e. 4000 hours) and found that expected constraints
are almost unchanged by the choice of Nfield and t0.)
Central frequency (GHz) θFWHM (arcmin) ∆T (µK arcmin) ∆P (µK arcmin)
75 14 2.7 4.7
105 10 2.7 4.6
135 7.7 2.6 4.5
165 6.4 2.6 4.6
195 5.4 2.6 4.5
225 4.7 2.6 4.5
Table A.4: Specification of COrE+ [27]. Although there are other channels, we only list
those for CMB channels which are used in our analysis.
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Central redshift zi σd(zi)× 102 σH(zi)× 102
0.15 2.78 5.34
0.25 1.87 3.51
0.35 1.45 2.69
0.45 1.19 2.20
0.55 1.01 1.85
0.65 0.87 1.60
0.75 0.77 1.41
0.85 0.76 1.35
0.95 0.88 1.42
1.05 0.91 1.41
1.15 0.91 1.38
1.25 0.91 1.36
1.35 1.00 1.46
1.45 1.17 1.66
1.55 1.50 2.04
1.65 2.36 3.15
1.75 3.62 4.87
1.85 4.79 6.55
Table A.5: Specification of DESI. We reproduce Table 5 in [74] only including the relevant
quantities for our analysis. Note that σd(zi) and σH(zi) are the errors of ln(dA(zi)) and
ln(H(zi)), respectively.
zmax 1.7 1.6 1.5 1.4 1.3 1.2 1.1 1.0
zmin 1.6 1.5 1.4 1.3 1.2 1.1 1.0 0.9
Ni 136 136 136 136 136 136 136 136
zmax 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
zmin 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0.03
Ni 136 136 136 326 223 402 208 69 800
Table A.6: The number of SNe for each bin assumed in our analysis, which is adopted
in [82] for WFIRST-AFTA. In the same manner as presented in the report [82], we include a
“near sample” of 800 SNe and the last bin corresponds to it. The low redshift supernovae
are observed by ground based experiments, and we assume that their statistical, and
systematic errors are the same as those in the far sample. For the statistical errors, we
assume σm,i = 0.08, σD = 0.09 and σlens,i = 0.07× z¯i.
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